In this paper, we use methods different from extragradient methods to prove a strong convergence theorem for the sets of fixed points of two finite families of nonexpansive and strictly pseudo-contractive mappings and the set of solutions of modification of a system of variational inequalities problems in a uniformly convex and 2-uniformly smooth Banach space. Applying the main result we obtain a strong convergence theorem involving two sets of solutions of variational inequalities problems introduced by Aoyama et al.
Introduction
Let E be a real Banach space with its dual space E * and let C be a nonempty closed convex subset of E. Throughout this paper, we denote the norm of E and E * by the same symbol · . We use the symbols '→' and ' ' to denote strong and weak convergence, respectively.
Recall the following definitions.
Definition . A Banach space E is said to be uniformly convex iff for any ,  < ≤ , the inequalities x ≤ , y ≤  and x -y ≥ imply there exists a δ >  such that
Definition . Let E be a Banach space. Then a function ρ E : R + → R + is said to be the modulus of smoothness of E if ρ E (t) = sup x + y + x -y  - : x = , y = t .
A Banach space E is said to be uniformly smooth if Definition . A mapping J from E onto E * satisfying the condition J(x) = f ∈ E * : x, f = x  and f = x is called the normalized duality mapping of E. The duality pair x, f represents f (x) for f ∈ E * and x ∈ E.
It is well known that if E is smooth, then J is a single value, which we denote by j.
Definition . Let C be a nonempty subset of a Banach space E and T : C → C be a self-mapping. T is called a nonexpansive mapping if for every x, y ∈ C and for some j(x -y) ∈ J(x -y). It is clear that (.) is equivalent to the following:
(I -T)x -(I -T)y, j(x -y) ≥ η (I -T)x -(I -T)y

 (.)
for every x, y ∈ C and for some j(x -y) ∈ J(x -y).
Example . Let R be a real line endowed with Euclidean norm and let the mapping T : (, Example . Let E be -uniformly smooth Banach space and let T : E → E be λ-strictly pseudo-contractive mapping. Let K be the -uniformly smooth constant of E and
is a nonexpansive mapping. http://www.fixedpointtheoryandapplications.com/content/2014/1/123 Definition . Let C ⊆ E be closed convex and Q C be a mapping of E onto C. The mapping Q C is said to be sunny if
A subset C of E is called a sunny nonexpansive retract of E if there exists a sunny nonexpansive retraction of E onto C.
An operator A of C into E is said to be accretive if there exists j(x -y) ∈ J(x -y) such that
A mapping A : C → E is said to be α-inverse strongly accretive if there exist j(x -y) ∈ J(x -y) and α >  such that
Remark . From (.) and (.), if T is an η-strictly pseudo-contractive mapping, then I -T is an η-inverse strongly accretive.
In , Ansari and Yao [] introduced the system of generalized implicit variational inequalities and proved the existence of its solution. They derived the existence results for a solution of system of generalized variational inequalities and used their results as tools to establish the existence of a solution of system of optimization problems.
Ansari et al. [] introduced the system of vector equilibrium problems and prove the existence of its solution. Moreover, they also applied their result to the system of vector variational inequalities. The results of [] and [] were used as tools to solve Nash problem for vector-value functions and (non)convex vector valued function.
Let A, B : C → E be two nonlinear mappings. In  Yao et al.
[] introduced the system of general variational inequalities problem for finding (x * , y
They proved fixed points theorem by using modification of extragradient methods as follows. 
all x ∈ C and the set of fixed point of G denoted by = ∅. For given x  ∈ C, let the sequence {x n } be generated by
where {α n }, {β n }, and {γ n } are three sequences in (, ). Suppose the sequences {α n }, {β n }, and {γ n } satisfy the following conditions:
Then {x n } converges strongly to Q u, where Q is the sunny nonexpansive retraction of C onto .
In , Cai and Bu [] introduced the system of a general variational inequalities problem for finding (x * , y * ) ∈ C × C such that
where λ, μ > . The set of solutions of (.) we denote by . If λ = μ = , then problem (.) reduces to (.). In Hilbert space (.) reduces to
which is introduced by Ceng et al. [] . If A = B, then (.) reduces to a problem for finding (x * , y * ) ∈ C × C such that
which is introduced by Verma [] . If x * = y * , then problem (.) reduces to the variational inequality for finding x * ∈ C such that
Variational inequality theory is one of very important mathematical tools for solving many problems in economic, engineering, physical, pure and applied science etc. Many authors have studied the iterative scheme for finding the solutions of a variational inequality problem; see for example [-] .
By using the extragradient methods, Cai and Bu [] proved a strong convergence theorem for finding the solutions of (.) as follows. D : C → C be a strongly positive linear bounded operator with the coefficient γ such that  < γ < γ . For arbitrarily given x  ∈ C, let the sequence {x n } be generated iteratively by
Assume that {α n }, {β n }, and {γ n } are three sequences in [, ] satisfying the following conditions:
Suppose that for any bounded subset D of C there exists an increasing, continuous, and convex function h D from R
+ → R + such that h D () =  and lim k,l→∞ sup{h D ( T k z -T l z ) : z ∈ D } = . Let T
be a mapping from C into C defined by Tx = lim n→∞ T n x for all x ∈ C and suppose that F(T) = ∞ i= F(T i ). Then {x n } converges strongly to z ∈ F, which also solves the following variational inequality:
For the research related to the extragradient methods, some additional references are
Motivated by (.) and (.), we introduce the problem for finding (
This problem is called the modification of a system of variational inequalities problems in Banach space. If a = , then (.) reduces to (.).
Motivated by Theorems . and ., we use the methods different from extragradient methods to prove a strong convergence theorem for finding the solutions of (.) and an element of the set of fixed points of two finite families of nonexpansive and strictly pseudocontractive mappings in a uniformly convex and -uniformly smooth Banach space. Applying the main result, we obtain a strong convergence theorem involving two sets of solutions of variational inequalities problems introduced by Aoyama et al. [] in a uniformly convex and -uniformly smooth Banach space. Moreover, we also give a numerical example to support our main results in the last section.
Preliminaries
The following lemmas and definitions are important tools to prove the results in the next sections. C → C as follows:
This mapping is called the S A -mapping generated by S  , S  , . . . , S N , T  , T  , . . . , T N , and
Lemma . ([]) Let C be a nonempty closed convex subset of a uniformly convex and -uniformly smooth Banach space. Let {S i } N i= be a finite family of κ i -strict pseudocontractions of C into itself and let {T i } N i= be a finite family of nonexpansive mappings of C into itself with
where K is the -uniformly smooth constant of E. Let
and S A is a nonexpansive mapping.
Lemma . ([])
Let {s n } be a sequence of nonnegative real numbers satisfying
where {α n } is a sequence in (, ) and {δ n } is a sequence such that
Then lim n→∞ s n = .
Lemma . ([]
) Let E be a real -uniformly smooth Banach space with the best smooth constant K . Then the following inequality holds:
for any x, y ∈ E. http://www.fixedpointtheoryandapplications.com/content/2014/1/123
Lemma . ([]) Let C be a nonempty closed convex subset of a uniformly convex and uniformly smooth Banach space E and let T be a nonexpansive mapping of C into itself with F(T) = ∅. Then F(T) is a sunny nonexpansive retract of C.
Lemma . ([])
Let C be a nonempty closed convex subset of a smooth Banach space and Q C be a retraction from E onto C. Then the following are equivalent: (i) Q C is both sunny and nonexpansive;
It is obvious that if E is a Hilbert space, we find that a sunny nonexpansive retraction Q C is coincident with the metric projection from E onto C. From Lemma ., let x ∈ E and x  ∈ C. Then we have x  = Q C x if and only if x -x  , J(y -x  ) ≤ , for all y ∈ C, where Q C is a sunny nonexpansive retraction from E onto C.
Lemma . ([]
) Let E be a uniformly convex Banach space and B r = {x ∈ E : x ≤ r}, r > . Then there exists a continuous, strictly increasing, and convex function g : 
Proof First we show that (a) ⇒ (b). Let (x * , z * ) is a solution of (.), and we have
for all x ∈ C. From Lemma ., we have
It follows that
Next we claim that (b) ⇒ (a). Let x * ∈ F(G) and z
From Lemma ., we have
for all x ∈ C. Then we find that (x * , z * ) is a solution of (.). for all x ∈ R. Then  ∈ F(G) and (, ) is a solution of (.). 
Main results
Theorem . Let C be a nonempty closed convex subset of a uniformly convex and -uniformly smooth Banach space E and let Q C be a sunny nonexpansive retraction of E onto C. Let A, B : C → E be α-and β-inverse strongly accretive operators, respectively. Define the mapping G : C → C by Gx = Q C (I -λ A A)(aI + ( -a)Q C (I -λ B B))x for all x ∈ C,
Let the sequence {x n } be generated by u, x  ∈ C and
where {α n }, {β n }, {γ n } ⊆ [, ] with α n + β n + γ n = . Suppose that the following conditions are satisfied:
Then the sequence {x n } converges strongly to x  = Q F u and (x  , z  ) is a solution of (.),
Proof First, we show that Q C (I -λ A A) and Q C (I -λ B B) are nonexpansive mappings. Let x, y ∈ C; we have
Then Q C (I -λ A A) is a nonexpansive mapping. By using the same method we find that Q C (I -λ B B) is a nonexpansive mapping. From the definition of G, we see that G is a nonexpansive mapping. Let x * ∈ F . Put y n = α n u + β n x n + γ n S A x n for all n ≥ . From the definition of x n and Lemma ., we have
Applying mathematical induction, we can conclude that the sequence {x n } is bounded and so is {y n }. From the definition of x n , we have
Applying (.), the condition (iii), and Lemma ., we have
From the definition of x n , we have
From (.) and the conditions (i) and (ii), we have
From the property of g, we have
From the definition of y n , we have
From the condition (i) and (.), we obtain From the definition of y n , we have
From the condition (i) and (.), we obtain
From the nonexpansiveness of S A , we have
From (.) and (.), we have
From the definition of x n , we have 
Finally, we show that the sequence {x n } converges strongly to x  = Q F u. From the definition of x n , we have
. http://www.fixedpointtheoryandapplications.com/content/2014/1/123
Applying Lemma ., the condition (i) and (.), we can conclude that the sequence {x n } converges strongly to x  = Q F u and (x  , z  ) is a solution of (.), where
This completes the proof.
The following corollary is a strong convergence theorem involving problem (.). This result is a direct proof from Theorem .. We, therefore, omit the proof.
Corollary . Let C be a nonempty closed convex subset of a uniformly convex and -uniformly smooth Banach space E and let Q C be a sunny nonexpansive retraction of E onto C. Let A, B : C → E be α-and β-inverse strongly accretive operators, respectively. Define the mapping G : 
A be the S A -mapping generated by S  , S  , . . . , S N ,
Then the sequence {x n } converges strongly to x  = Q F u and
Applications
In this section, we prove a strong convergence theorem involving two sets of solutions of variational inequalities in Banach space. We give some useful lemmas and definitions to prove Theorem .. Let A : C → E be a mapping. The variational inequality problem in a Banach space is to find a point x * ∈ C such that for some j(
This problem was considered by Aoyama et al. [] . The set of solutions of the variational inequality in a Banach space is denoted by S (C, A) , that is,
The variational inequalities problems have been studied by many authors; see, for example, [, ]. Proof It is easy to see that
Lemma . ([
. From the definition of T a , we have
Applying the property of g, we have x  = Tx  , that is, x  ∈ F(T). Since x  ∈ F(T a ) and x  ∈ F(T), we have From the definition of G and Lemma ., we have
It follows that x  ∈ F(S). Hence F(T a ) ⊆ F(T) ∩ F(S)
From Theorem . and Lemma ., we have the following theorem. 
Let the sequence {x n } be generated by u, x  ∈ C, and
where {α n }, {β n }, {γ n } ⊆ [, ] and a ∈ (, ) with
. Suppose that the following conditions are satisfied:
From Theorem ., we have the following result.
For every i = , , . . . , , define the mappings 
Example and numerical results
In this section, we give a numerical example to support the main result. For every n ≥  and i = , , . . . , N , the mappings T i , S i , G, A, B and sequences {α n }, {β n } satisfy all conditions in Theorem .. Since the sequence {x n } is generated by (.), from Theorem ., we find that the sequence {x n } converges strongly to  and (, ) is a solution in (.).
Next, we will divide our iterations into two cases as follows: 
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